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Abstract Cognitive radio (CR) technology enables opportunistic exploration of unused
licensed channels. By giving secondary users (SUs) the capability to utilize the licensed
channels (LCs) when there are no primary users (PUs) present, the CR increases spectrum
utilization and ameliorates the problem of spectrum shortage. However, the absence of a central controller in CR ad hoc network (CRAHN) introduces many challenges in the efficient
selection of appropriate data and backup channels. Maintenance of the backup channels as
well as managing the sudden appearance of PUs are critical issues for effective operation of
CR. In this paper, a prioritized medium access control protocol for CRAHN, PCR-MAC, is
developed which opportunistically selects the optimal data and backup channels from a list
of available channels. We also design a scheme for reliable switching of a SU from the data
channel to the backup channel and vice-versa. Thus, PCR-MAC increases network throughput and decreases SUs’ blocking rate. We also develop a Markov chain-based performance
analysis model for the proposed PCR-MAC protocol. Our simulations, carried out in N S − 3,
show that the proposed PCR-MAC outperforms other state-of-the-art opportunistic medium
access control protocols for CRAHNs.
Keywords Cognitive radio ad hoc networks · Opportunistic spectrum access · White space
utilization · Medium access control · Markov chain model · Throughput
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1 Introduction
A cognitive radio ad hoc network (CRAHN) is an infrastructure-less network, where cognitive
radio (CR) enabled devices communicate with each other in an ad hoc fashion [1]. Unlike
in classical ad hoc networks, the CRAHN devices do not use any fixed channels for data
transmission or reception. Instead, they exploit CR technology to find a suitable channel that
is available in either licensed or unlicensed spectrum bands [1].
The CR technology has emerged as a solution to the problems of spectrum shortage
and low spectrum utilization. It gives unlicensed or secondary users (SUs) the capacity
of opportunistically exploiting unused licensed channels (LCs). Thus, spectrum utilization
can be increased and the spectrum shortage problem can be resolved to a large extent. In
CRAHNs, the most challenging task is to select an appropriate unused licensed channel for
an SU and to leave that channel as soon as any PUs appear, without causing any degradation
to their performances. When using CR, an SU should select the best available channel and
should react efficiently and robustly at the time of the appearance of a PU. In CRAHNs, the
availability of free channels fluctuates rapidly [2], and thus, a specialized Medium Access
Control (MAC) protocol is needed to handle the situation. Again, since there is no base station
or central controller in CRAHNs, TDMA based MAC protocols do not perform well; rather,
contention based MAC protocols are best suited for use in such cases [1].
In recent years, many studies have focused on developing MAC protocols for CRAHNs to
increase spectrum utilization. In [3], spectrum usage is increased by using the licensed channels (LCs) as the operating data channel and the unlicensed channels (UCs) as the backup
channels (BCs). However, a detailed analytical model has not been presented. The Opportunistic Spectrum Access with Backup Channels (OSAB) [4] uses the backup channels to
reduce the spectrum handoff and mainly extends the prior work [3] by analytically evaluating the performance of the SUs in a heterogeneous spectrum environment of both licensed
and unlicensed bands. However, the OSAB provides an abstract concept without giving any
detailed mechanism with respect to transmitter-receiver coordination. Also, it is not clear
how an SU reacts to the appearance of a PU in a given channel. SWITCH [5] is a contention
based MAC protocol for CRAHN, where an SU can switch to a predefined BC in appearance
of any PU. However, SWITCH does not provide any details on channel prioritization, backup
channel maintenance, theoretical performance analysis, etc.
In this paper, we have designed a prioritized MAC protocol for CRAHNs, PCR-MAC, that
can achieve higher network performances. The design principle of PCR-MAC is to take into
consideration historical usage pattern of the channels and to prioritize the channels according
to their level of activities. A PCR-MAC node selects the highest-priority licensed channel, if
there is any, as its data transmission channel. Similarly, it selects a suitable backup channel
from the available unlicensed channels. The dynamic channel switching policy of PCR-MAC
exploits the neighborhood channel conditions, helping it to more efficiently execute a switch
between the data channel and backup channel. The contributions of this work are summarized
as follows:
– A prioritized medium access control protocol for CRAHNs, PCR-MAC, has been developed.
– A channel switching mechanism between the data and backup channels has been developed using historical usage behavior of the channels, and it increases the utilization of
white spaces.
– A Markov chain model of the proposed PCR-MAC is developed to study the theoretical
performance of the proposed protocol.
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– The simulation results show that the proposed protocol provides better performances
than a number of state-of-the-art CR MAC protocols.
The rest of this paper is organized as follows. Section 2 describes state-of-the-art methods and their limitations. The network model and assumptions are presented in Sect. 3. In
Sect. 4, the proposed prioritized medium access control protocol for CRAHNs, PCR-MAC,
is described in detail. An analytical model of the proposed PCR-MAC protocol is presented
in Sect. 5. The performance evaluation results are presented in Sect. 6 and we conclude the
paper in Sect. 7.

2 Related Works
The existing MAC protocols used in CRAHNs can be categorized into Time Division Multiple
Access (TDMA)-based MAC protocols [6–8] and contention-based MAC protocols [9–11].
C-MAC [6], a distributed multichannel MAC protocol, which uses TDMA technique,
operates over multiple channels and can deal with dynamic resource availability efficiently.
ECRQ-MAC [7] is another TDMA-based MAC protocol that sends inactive CR users into a
doze mode for power saving. OSA-MAC [8] is also a TDMA-based MAC protocol. However,
since CRAHNs do not have any central controller, it is difficult to keep users synchronized,
and thus the TDMA-based MAC protocols are not suitable for implementation. Instead,
contention-based MAC protocols are more effective for CRAHNs.
In OSAB [4], concept of a backup channel (BC) was introduced to reduce the effect of
consecutive spectrum handoffs. In such a case, an LC is used as the data channel and a UC
is used as a BC. SWITCH [5] is a multichannel MAC protocol for CRAHNs that was then
designed to overcome some of the remaining limitations found in OSAB. In SWITCH [5],
the details of the transmitter-receiver coordination were specified, and a better technique was
presented for SUs to cope with the sudden appearance of the PUs in the data channel.
In recent years, many studies have focused on developing a Markov chain model for the
analysis of the proposed schemes [12–15]. In OSAB [4], a general Markov chain model is
presented to investigate the performance of SUs in a heterogeneous environment. A channel
reservation scheme for CR spectrum handoff and a Markov chain analysis for spectrum
access in licensed bands for CRs was developed in [12]. Analytical models to evaluate the
performance of CR ad hoc devices were also presented in [13,14], but the models presented
in current literature represent simplified versions in terms of the states. In OSAB [4], the
condition of the BCs is not presented in the states of the Markov chain model, and classical
users are not taken into consideration. Thus, many different conditions are represented using
a single state. Two different dynamic spectrum access (DSA) schemes were also developed
in [15], along with Markov chain models for each of the schemes, but classical users and
BCs are also ignored in the construction of the Markov model.
Our proposed PCR-MAC protocol has many similarities with SWITCH [5]. However, our
work has some distinct differences. First, SWITCH [5] does not provide any mechanisms
for calculating the priority of the channels. Only three static priority levels are considered
and random selection is made for conflict resolution. However, in this work, we propose an
efficient mechanism for channel prioritization based on historical usage behavior. Second,
we disprove the assumption that the appearance of PUs will be sensed by both the transmitter
and receiver [5], which is not always true. We also propose a solution for the cases when only
the transmitter or the receiver senses the PUs’ appearance. Third, SWITCH [5] nodes do not
allow other SUs to utilize the BC, and thus the BC remains unused if it is not used by the
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corresponding SU. However, PCR-MAC does not impose this restriction. Finally, SWITCH
[5] does not allow nodes to switch back to LCs from UCs. However, our PCR-MAC develops
mechanisms for switching back to the available LCs on the availability of the latter.

3 Network Model and Assumption
We consider a cognitive radio ad hoc network (CRAHN) that does not have any infrastructural
backbone, i.e., there remain no central controllers like base stations or access points. The
CRAHN nodes communicate with one another in an ad hoc fashion.
We assume that, there are three different types of users: licensed or primary users (PUs),
unlicensed or secondary users (SUs) and classical users (CUs). The users to which a particular
channel is licensed to are known as the PUs of that channel. The SUs use unlicensed channels
and have CR capability, i.e., they can opportunistically access any licensed channel that is not
being utilized by a PU. The CUs are those devices that have no CR capability, i.e., they always
use unlicensed channels. They cannot opportunistically exploit licensed channels according
to the availability. Thus, the appearance of CUs must also be considered with importance
when designing a MAC protocol for CRAHNs.
The wireless channels in the CRAHNs are classified into licensed channels (LCs) and
unlicensed channels (UCs). The LCs are those channels which are licensed to some specific
users (who are the PUs of that channel), but the UCs are free to be used by any SU or CU.
With the CR capability, an SU can use a free LC but must vacate the channel as soon as the
PU of that channel appears.
We also assume that one of the channels has been selected as the Common Control Channel
(CCC), which is a predefined channel used for exchanging control messages only [16]. The
CCC is needed for the coordination of transmissions among the sender-receiver pairs and for
exchanging spectrum usage information among the neighborhood nodes [1,16]. Data will be
exchanged over the selected data channels from the LCs and UCs by the respective users.
An SU opportunistically selects the data channel (DC) from available LCs and also selects
a backup channel (BC) from the UCs, where it will switch off from the LC, after being
preempted by any PUs. If no UC is available at that moment, the BC is selected from the
LCs.
We also assume that each SU has two transceivers: Transceiver-1 (T1 ) and Transceiver-2
(T2 ). T1 is used for sending control messages over the CCC. It is fixed and cannot change its
sending frequency. T2 , on the other hand, has a Software Defined Radio (SDR) module that
is used to change the sending frequency and can be tuned to any frequency to send data over
any available channels. It is also used for sensing the channels. The network model of the
proposed protocol is presented in Fig. 1.
We also assume that a cooperative sensing mechanism is used to capture the channel usage
behavior where the sensing results of all the SUs are combined together [5]. Whenever an
SU senses the presence of a free channel or the appearance of a PU in a free channel using
T2 , it notifies all its neighbors through the CCC using its T1 . Thus, the neighborhood nodes
keep them always updated of the channel usage behavior.

4 PCR-MAC Protocol Design
In this section, we present the details of our proposed prioritized medium access control
protocol, PCR-MAC, for CRAHNs.
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Fig. 1 CRAHN environment

4.1 Basic Idea
The proposed PCR-MAC protocol allows the SUs to opportunistically utilize unused LCs
and thus, it decreases the overloading of scarce UCs as well as increases the use of LCs.
A prioritization mechanism is developed for LCs and UCs according to the historical usage
behavior of different users on those channels, and a channel selection mechanism based on
these priorities is given. A reliable mechanism for handling the appearance of PUs in an LC,
which is occupied by any SUs, has been developed. A dynamic switching policy between
DC and BC has also been presented.
4.2 Channel Prioritization
Prioritization of the channels is needed to select the appropriate DC and BC. The priority of a
channel is determined using the historical behavior of different users on that channel. Unlike
SWITCH [5], the proposed PCR-MAC assigns unique numerical values to each channel to
indicate the priority, so no random selection is needed. Thus, the best channels are always
chosen as DCs and BCs for SUs according to the channel priorities. Since the priorities are
assigned on the basis of the historical behavior of the users’ activities on the channels and
are also updated dynamically, the probability that a SU, using an LC, is preempted by any
PUs decreases and thus the number of spectrum handoff operations is reduced.
The prioritization mechanism is a continuous process, where the priorities of the channels
are updated dynamically. The channels are sensed continuously and after a fixed time interval,
T , the priorities will be updated using an exponentially weighted moving average (EWMA)
formula [17]. Each interval is again divided into N number of slots, in which the channels
are sensed. If Nb is the number of slots when the channel i is found to be busy among the
N sensed slots, the business percentage of that channel is computed using the following
equation,
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Channel number

Type

1

1

4

1

3

1

3

2

4

2

10

1

7

1

8

0

8

2

12

2

9

1

1

0

10

2

1

0

12

2

15

0

bi =

Nb
× 100.
N

Priority

Status

(1)

Now, on each interval T , the business of each channel is updated using the following
EWMA equation,
bi = (1 − α) × bi + α × bi ,

(2)

where, α is a smoothing constant, 0 < α < 1; and, bi is the moving average value of the
business of a channel i. Now, we take the nearest integer of bi to be the priority of a channel,
and it is determined as follows,
pi = bi + 0.5.

(3)

The lower value of the prioirty pi indicates a higher priority and vice-versa. Note that the
value of the parameter Nb , defined in Eq. (1) for each node, is proportional to the business of
a given channel i, bi , as shown in Eq. (2). The instantaneous value of bi is used to measure
the average business behavior of the channel, i.e., priority of a channel is set to high if its
historical business produces lower value. Thus, we can more accurately capture the channel
priorities.
4.3 Channel Selection
Selecting the appropriate DC and BC is one of the most crucial tasks for the operation of
CRAHNs, and the SUs use the priority values of the channels to make this decision. Since
the priorities are evaluated by considering the activity of different users in the channels, the
channel with a higher priority has less possibility of being occupied by a PU. Thus, the SUs
will always show a preference for selecting the channels with higher priorities.
Each SU maintains a channel status list (CSL) in order to have access to the status of the
channels. This CSL has four fields: Channel Number contains the identity of the channel,
Channel Type is used to identify the type of the channel (LC=1, UC=2), Channel Priority to
indicate the priority, and Channel Status ∈ {0, 1, 2} is used to indicate whether the channel
is free (0), busy (1) or if it is a backup channel (2). The structure of the CSL table is given in
Table 1. The CSL is updated whenever a neighbor starts using a channel, a channel becomes
free, or if a channel is selected as a BC.
A three way handshake mechanism is used to select the DC and BC. At first, the transmitter
will send the receiver an RTS message. This RTS message contains two extra fields: a sorted
list of available LCs (SLLC) and a sorted list of available UCs (SLUC). Sorting is done in
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Table 3 Sorted CFLC formation
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SLLC

9

7

3

SLUC

10

12

8

SLLC (transmitter)

SLUC (receiver)

Sorted CFLC

10, 5, 9, 8

9, 7, 10, 5

10, 9, 5

3, 5, 6, 9

9, 5, 2, 6

5, 9, 6

7, 1, 5, 4

1, 3, 5, 8

1, 5

descending order of channel priorities, i.e., the higher priority channels are followed by lower
priority channels. However, the channels that are not BCs are given a higher priority than
the BCs, so they are placed before BCs in SLLC and SLUC. Thus, a BC is selected as a
DC only if there is no other channel available. Unlike SWITCH [5], which sends too many
unnecessary fields with the RTS message, PCR-MAC only sends these two extra fields. The
structure of the SLLC and SLUC are given in Table 2.
After receiving the RTS from the sender, the receiver will select the appropriate DC and
BC with the help of the received SLLC, SLUC and its own CSL. These selected DC and
BC will be sent by the receiver along with the CTS packet to the sender. After receiving the
CTS, the sender will send its neighbors a Notification Signal (NS), similar to that of a CTS
message to notify its neighbors of the selected DC and BC. Therefore, the neighbors can
also update their own CSL. All these control messages are transmitted over the CCC. The
selection procedures for the DC and BC by the receiver are as follows: first, a list of common
free LCs (CFLC) and common free UCs (CFUC) are constructed from the SLLC and SLUC
of the sender and the receiver; then, these lists are sorted in descending order with respect
to the average channel priorities from the SLLC and SLUC of the sender and the receiver,
as shown in Table 3; similarly, we can then also construct the sorted CFLC and CFUC, as
shown in the table. After sorting, the first channel from the CFLC is selected as the DC if the
CFLC is non-empty; otherwise, the DC is selected from CFUC. Similarly, the first channel
from the sorted CFUC is chosen as the BC, if it is non-empty. Otherwise, the BC is selected
from the sorted CFLC. The channel selection algorithm is given as Algorithm 1.
Algorithm 1 Channel Selection Algorithm
INPUT:S L LC and S LU C of sender and receiver
OUTPUT: DC and BC

1. C F LC = S L LC(sender ) S L LC(r eceiver )
2. C FU C = S LU C(sender ) S LU C(r eceiver )
3. Sort CFLC in descending order of average channel priorities of SLLC(sender) and SLLC(receiver)
4. Sort CFUC in descending order of average channel priorities of SLUC(sender) and SLUC(receiver)
5. if C F LC  = φ then
6. DC ← first element of C F LC
7. else
8. DC ← first element of C FU C
9. end if
10. if C FU C  = φ then
11. BC ← first element of C FU C
12. else
13. BC ← first element of C F LC
14. end if
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Fig. 2 Sensing the appearance of
a primary user

4.4 Backup Channel Maintenance
For a reliable handoff between the DC and BC, it is important to ensure that the BC is always
available. A BC may be occupied by other users after it is selected, and we can ensure the
reservation of BCs by not allowing other SUs to access the BC. However, this would cause
a degradation of the performance when the number of SUs increases, because the reserved
BCs remain unused until the SUs start using them. Therefore, in PCR-MAC, we allow other
users to use the BCs when there are no other available channels. This makes maintenance of
transmitter-receiver pair of the BC more difficult.
Whenever the transmitter or receiver senses that the selected BC has been occupied by
another user, the transmitter-receiver pair will select a new BC. For this, the transmitter or
the receiver, whichever one senses that the BC has been occupied, will send the other side a
Request to Select BC (RSBC) message along with its SLLC and SLUC. Upon receiving the
RSBC, the other side will select a new BC by consulting with its CSL and will then send a
Selected BC (SBC) message with a field containing the new BC to the sender. Just as before,
after receiving the SBC, the sender will send an NS message to all of its neighbors to notify
them of the new BC. Thus, it is ensured that a BC is always ready for a transmitter-receiver
pair, whenever it is required on the appearance of any PUs.
4.5 Handling Appearance of Primary User
In CRAHNs, the CR enabled devices opportunistically exploit LCs, but as soon as a PU
appears in the channel, the SU has to vacate the channel. This appearance can be sensed
by either the transmitter, the receiver, or both of them. These cases are further elaborated in
Fig. 2. In Case-1, both the transmitter and the receiver sense the PU’s appearance; but, in
Case-2 and Case-3, only the transmitter or receiver, respectively, senses the appearance of
the PU.
Unlike in SWITCH [5], which considers only Case-1, our proposed PCR-MAC considers
all three cases. Whenever the transmitter or receiver senses the appearance of a PU, it sends
the other side a Switching Signal (SS) and immediately switches to the BC. After receiving
the SS, the other side immediately switches to the BC and notifies its neighbors. After this
switch, the transmitter-receiver continue their communication in the BC.
4.6 Switching from Backup Channel to Data Channel
In CRAHNs, the SUs always intend to utilize the unused LCs to increase spectrum utilization.
Before starting to communicate, the transmitter-receiver pair negotiate with each other to
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Fig. 3 Switching from BC to LC

select a DC and a BC. While communicating over the DC, a PU of the corresponding channel
may appear, causing the SU to vacate the channel and forcing the SU to switch into the BC.
While an SU is using the BC of the UCs, it will try to switch to any other free LCs in order
to increase white space utilization. This switch from an unlicensed BC to an LC is initiated
by the SU after the Backup Channel Transmission (BCT) time, which is the time difference
from the usage start time of the BC to the initiation time of the channel switch. That is, after
switching to the BC, an SU will communicate over the BC for time duration of at least the
BCT time. After this time, if there is any free LC, the sender will initiate a switch to the LC
using the three way handshake mechanism, as described in Sect. 4.3.
The optimal duration of the BCT time is an important performance tuning parameter for
the proposed PCR-MAC protocol. In CRAHNs, the most important objective is to increase the
utilization of unused LCs while decreasing the spectrum handoff overhead. So, in choosing
the BCT time, we have to make a tradeoff between these two parameters. Decreasing the
BCT time may increase the unused spectrum utilization; on the other hand, it may increase
the number of preemptions faced by the SUs. Furthermore, increasing the BCT time for the
SUs might keep white spaces underutilized. Therefore, the BCT time should be chosen in
such a way that, a balance between both consideration can be achieved by taking into account
the number of preemptions experienced by an SU, N p . The BCT time is calculated using
Eq. (4),
BC T = N p × K + BC Tmin ,

(4)

where, K is a constant and BC Tmin represents the minimum BCT time, which is the initial
BCT time when an SU starts communication. The value of the constant K depends on how
much weight we want have for N p . Smaller values of K are used to give less weight to N p ,
and vice-versa. As N p increases, the BCT time also increases, i.e., an SU gradually decreases
the number of attempts to switch to an LC when it observes frequent arrivals of PUs in that
LCs. The dynamic switch intervals from BC to LC are shown in Fig. 3.
Figure 3 illustrates how an SU begins communication over an LC, but after being preempted by a PU, switches to its BC which is a UC. The SU continues to communicate over
the BC for a duration of BCT time, and after that it again switches to a free LC. When it is
again preempted by a PU, it chooses a BCT time higher than the previous one, because BCT
time is proportional to N p . This process continues until the communication session expires.
4.7 Protocol Operation
In Fig. 4, a flow diagram of the proposed PCR-MAC protocol is given which illustrates
that there is a transmitter-receiver pair and the communication that starts with a three way
handshake mechanism (RTS, CTS, NS). The transmitter initiates communication by sending
an RTS to the receiver over the CCC with two extra fields: SLLC and SLUC. After receiving
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Fig. 4 Flow diagram of PCR-MAC

the RTS, the receiver selects the DC and BC and sends a CTS with the DC and BC fields
to the transmitter. Upon receiving the CTS the transmitter sends a Notification Signal (NS)
with the selected DC and BC fields to all of its neighbors. After this selection process, the
transmitter-receiver pair starts communication over the DC. After some time the transmitter
senses that the BC has been occupied by some other user, so it sends the receiver a Request
to Select BC (RSBC) message along with its SLLC and SLUC fields. Upon receiving the
RSBC, the receiver selects a new BC and sends it through a Selected BC (SBC) message.
Transmitter sends a Notify BC (NBC) message to all of its neighbors to inform them of the
new BC. All these control messages are transmitted over the CCC. While exchanging all
these control messages, the transmitter-receiver pair also communicates over the DC. After
a while, the receiver senses a PU’s appearance, so it sends a Switching Signal (SS) to the
transmitter and switches to the BC. After receiving the SS, the transmitter sends a Notify
Switch (NS) message to all of its neighbors and switches to the BC. Then, the transmitterreceiver pair continue their communication over the BC. This communication continues for
a duration of at least BCT time, and after this time, the transmitter initiates a switch from
the BC to any other free LC using the same three-way handshake mechanism as described
previously.
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5 Analytical Model
In this section, an analytical model for our proposed PCR-MAC protocol is presented. We
have used a continuous time Markov chain to model the process. The assumptions for the
proposed scheme are the following:
– We have assumed that the total number of LCs and UCs are c1 and c2 respectively.
– The UCs are accessed by the SUs and the CUs. The PUs don’t have any access on those
channels, but the LCs are shared by both the PUs and the SUs. Let, i, j, k represent the
number of LCs used by the PUs, the number of LCs used by the SUs and the number of
UCs used by the SUs, respectively. The number of UCs used by the CUs is represented
by l, so the number of channels available for a PU is (c1 − i) and the number of channels
available for a SU is (c1 − i − j + c2 − k − l).
– We assume that the arrivals of PUs, SUs and CUs are Poisson processes with rates λ1 ,
λ2 , λ3 , respectively.
– The service rates of PU, SU and CU are also Poisson processes with rates μ1 , μ2 and
μ3 , respectively.
– m and n represent the number of channels selected as BC from LCs and from UCs,
respectively.
– Therefore, the values of the tuple (i, j, k, l, m, n) represents the Markov Chain states in
this analysis.
5.1 Modeling of PCR-MAC
In this section, the Markov chain model of the proposed PCR-MAC protocol is presented,
where each state s is stated as following:
s = {(i, j, k, l, m, n)|0 ≤ i ≤ c1 ,
0 ≤ j ≤ c1 − i, 0 ≤ k ≤ c2 , 0 ≤ l ≤ c2 − k, 0 ≤ m ≤ c1 − i − j,
0 ≤ n ≤ c2 − k − l}

(5)

The transition of the states are given in Fig. 5. Transition to or from a state (i, j, k, l, m, n)
can occur as a result of the appearances of PU, SU and CU, or the departures of PU, SU
and CU. Again, switching back from the UC to the LC for SUs also caused some transitions. A transition from the state (i, j, k, l, m, n) to (i + 1, j, k, l, m, n) is represented by
(i, j,k,l,m,n)
γ(i+1, j,k,l,m,n) , which can occur for one of two reasons: either a PU appears in a free LC or in
(i, j,k,l,m,n)

a preselected BC and the preempted BC is again selected from the LCs. Hence, γ(i+1, j,k,l,m,n)
can be expressed as,
(i, j,k,l,m,n)

γ(i+1, j,k,l,m,n) =

c1 − i − j − m
m
· λ1 +
· δ1 · λ1 ,
c1 − i
c1 − i

(6)

where, δ1 is an indicator with the following values,

δ1 =

1, if, (k + l + n) = c2 , (i + j + m) < c1
0, otherwise

(7)

Again, the transition from state (i, j, k, l, m, n) to the state (i + 1, j, k, l, m − 1, n) can
occur if a PU appears in a preselected BC and the preempted BC cannot be selected again, or
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Fig. 5 Markov chain model for PCR-MAC

if a PU preempts an SU and the preempted SU switches to its BC, which was an LC. Hence,
(i, j,k,l,m,n)
γ(i+1, j,k,l,m−1,n) can be expressed as
(i, j,k,l,m,n)

γ(i+1, j,k,l,m−1,n) =
where,


δ2 =

m
m
j
· λ1 · δ2 +
·
· λ1 ,
c1 − i
c1 − i m + n

1, if, (i + j + m) = c1 , (k + l + n) = c2
0, otherwise

(8)

(9)

Similarly, we can obtain,
(i, j,k,l,m,n)

γ(i+1, j,k,l,m−1,n+1) =
where,

(10)



1, if, (k + l + n) < c2
0, otherwise
j − (m + n)
j
·
· λ1
=
c1 − i
j

δ3 =
(i, j,k,l,m,n)

γ(i+1, j−1,k,l,m,n)
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(i, j,k,l,m,n)

γ(i+1, j−1,k+1,l,m,n−1) =

n
j
·
· λ1
c1 − i m + n

(13)

Now, the transition from state (i, j, k, l, m, n) to (i, j + 1, k, l, m, n) can occur if a SU
(i, j,k,l,m,n)
appears in a free LC and no BC is selected. Thus, γ(i, j+1,k,l,m,n) can be expressed as
(i, j,k,l,m,n)

γ(i, j+1,k,l,m,n) = δ4 · λ2 ,
where,


δ4 =

1, if, (i + j + m) = c1 − 1, (k + l + n) = c2
0, otherwise

(14)

(15)

Now, if an SU appears in a preselected BC then the transition from the state (i, j, k, l, m, n)
to the state (i, j + 1, k, l, m − 1, n) occurs, which can then be calculated as,
(i, j,k,l,m,n)

γ(i, j+1,k,l,m−1,n) = δ5 · λ2 ,
where,


δ5 =

1, if, (i + j + m) = c1 , (k + l + n) = c2
0, otherwise

(16)

(17)

Similar calculations of the transition probabilities are given in Appendix 1.
Now, if P(i, j, k, l, m, n) represents the state probability, then the set of balance equations
can be expressed as following:
Ai, j,k,l,m,n · P(i, j, k, l, m, n) = Bi, j,k,l,m,n

(18)

The equations for calculating the values of Ai, j,k,l,m,n and Bi, j,k,l,m,n are given in
Appendix 2. Thus, we can find P(i, j, k, l, m, n) using the following equation:
P(i, j, k, l, m, n) =

Bi, j,k,l,m,n
Ai, j,k,l,m,n

(19)

Now, the steady state probabilities P(i, j, k, l, m, n) are calculated using an iterative
method similar to the one used in OSAB [4] and the steps of that iterative algorithm are given
below:
1.
2.
3.
4.
5.

Set a threshold value τ .
Input: c1 , c2 , λ1 , λ2 , λ3 , μ1 , μ2 and μ3 .
old
Set P(i,
j,k,l,m,n) = 1 for i = j = 0, and P(i, j,k,l,m,n) = 0 for i + j > 0.
new
Calculate each P(i,
j,k,l,m,n) using Eq. (19).
new
old
old
new
If |P(i, j,k,l,m,n) − P(i,
j,k,l,m,n) | > τ , then set P(i, j,k,l,m,n) = P(i, j,k,l,m,n) and go to step 4.

When all the steady state probabilities are calculated, the blocking rate and throughput
can also be obtained.
5.2 Performance Measures
The rate, at which the SUs appear and find all the channels busy, is known as the blocking
rate. The blocking rate Br can be calculated by:
Br =



P(i, j, k, l, m, n) · λ2

(20)

i+ j=c1 ,k+l=c2

123

Author's personal copy
2396

R. Hossain et al.

Table 4 Simulation parameters
Number of LCs

7

Number of UCs

4

α

0.25

Packet size

1000 byte

Simulation time

500s

Mac layer model

adhocWifiMac

Physical layer model

YansWifiPhy model

Simulation area

200 m × 200 m

Number of PUs

0–50

Number of SUs

5–150

Number of CUs

0–50

Transmission range of PU, SU, CU

100 m

λ1 , λ2 , λ3

0.4, 0.45, 0.35

μ1 , μ2 , μ3

0.05, 0.07, 0.04

The throughput refers to the amount of data transmitted in a second which can be calculated
as:
T =

−i− j c2
c1 c
−k−l
c2 c
1 −i 
2 −k c1

i=0 j=0 k=0 l=0

m=0

P(i, j, k, l, m, n) · ( j + k) · μ2

(21)

n=0

6 Performance Evaluation
For realizing the effectiveness of our proposed PCR-MAC protocol, we have used Network
Simulator-3 (NS-3) [18] and compared its performances with the state-of-the-art protocols
SWITCH [5] and classical opportunistic spectrum access (OSA) [4]. In OSA, the SUs operate
over free LCs and as soon as a PU appears, it switches to another free one. Here, the concept
of BC is absent and it does not consider the effects of UCs on SUs throughput. If there is
no LCs available for transmission, the SU is dropped, without considering whether there
is any free UC or not. In the subsequent sections, we present the simulation environment,
performance metrics and simulation results.
6.1 Simulation Environment
We have considered a 200 m × 200 m area, where the PUs, CUs and SUs appear randomly
and they also have mobility, i.e., the nodes change their positions with time. For different
experiments, we have varied the number of SUs from 5 to 150, CUs from 2 to 50 and PUs
from 0 to 50. The simulation is conducted for 500s and for each of the graph data points, we
have taken average of 10 simulation runs. Simulation parameters are given in Table 4.
6.2 Performance Metrics
We have evaluated our protocol’s performance on the basis of the following performance
metrics:
– Saturation throughput is one of the major performance metrics use to evaluate the performances of MAC protocols in CRAHNs. It indicates the number of data bytes that
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are transmitted per second over the network, when all the SUs always have some data
packets to send. Higher values of the saturation throughput indicate better performance.
– Blocking rate is another important performance metrics used to evaluate a MAC protocol’s
efficiency and characteristics. The blocking rate is measured as the number of SUs per
second that find all the channels busy, i.e., they cannot transmit any data. Lower values
of blocking rate indicate higher efficiency.
– Usage of licensed channels is used to evaluate a protocol with respect to the utilization
of the unused LCs. This is measured as the total amount of time the SUs spent in LCs
during the simulation period. The more time the SUs communicate over the LCs, the
more the protocol utilizes these LCs that are not used by PUs. This is one of the most
important objectives of CR networks.
– Protocol operation overhead can be measured as the amount of control bytes exchanged
per successful data packet transmission. As the amount of control bytes per data packet
increases, the protocol operation overhead increases as well. It is always expected to
lower this overhead for improving the performance of a protocol.
6.3 Simulation Results
6.3.1 Impact of SUs
The number of SUs has a great impact on the saturation throughput of SUs. In Fig. 6a, we
observe that, in all the studied protocols, the saturation throughput exponentially increases
with the number of SUs (up to approximately 55) since the opportunistic spectrum usage
is increased. However, SWITCH and OSA suffers from reduced throughput performance
due to poor policy of BC usage, i.e., blocking of BC of one SU from other SUs. We also
observe that, the further increase of the number of SUs causes the throughput to decrease
gradually and it happens due to increased amount of collisions. At a certain point, it enters
into a stable state and all the protocols give almost same throughput, because almost all the
channels are already occupied by the existing user and thus the scope of opportunistic access
to the channels decreases. We can also observe that, the analytical result of the proposed
PCR-MAC protocol maintains a congruent relationship with the simulation result.
Figure 6b shows that, the blocking rate initially increases slowly with SUs, but at higher
values of SUs it goes up exponentially in all the studied protocols. This happens because,
as the number of SUs increases most of the channels become occupied at some point and
therefore only a small portion of SUs get access to free channels, i.e., the most of the newly
arrived SUs are blocked. The proposed PCR-MAC suffers from reduced blocking rate than
other studied protocols since PCR-MAC SUs allows to use their BCs by newly arrived SUs;
also, it allows a SU to switch from an unlicensed BC to a LC whenever possible. We also
observe that the analytical and simulation results of PCR-MAC maintain congruency.
The usage of LCs is also affected by the number of the SUs. In Fig. 6c, we observe that, the
utilization increases rapidly with the SUs (up to approximately 90). This happens because, as
the SUs increase, more SUs can opportunistically access the unused LCs. We can also observe
that, the rate of increase is decreased with the further increment of the SUs and the usage
becomes almost stable, because only a fixed portion of the SUs can utilize the LCs and any
further increment of SUs does not have any impact on the usage of the LCs. We also observe
that the proposed PCR-MAC makes a better utilization of LCs than SWITCH and OSA.
In Fig. 6d, we observe that the protocol operation overhead increases with the SUs (up
to approximately 90) in all the studied protocols, because with the increase of the SUs, the
communication between the SUs increases and thus, more control messages are needed.
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(a)

(c)

(b)

(d)

Fig. 6 Impacts of number of secondary users on protocol performance. a Saturation throughput of SUs, b
blocking rate of SUs, c usage of LCs, d protocol Operation Overhead

With the further increment of the SUs, all the channels become occupied and the amount
of communication overhead becomes almost fixed. Thus, the protocol operation overhead
enters into a stable state. We can also observe that, our proposed PCR-MAC performs better
than SWITCH and OSA since it achieves higher amounts of data bytes delivery for a little
increase in control byte transmissions.
6.3.2 Impact of CUs
In this section, we study the performances of the protocols for increasing number of classical
users (CUs). In Fig. 7a, we can observe that, with the increase of CUs, the combined saturation
throughput of SUs and CUs increase gradually. But the increment rate is higher for PCRMAC than SWITCH and OSA, because of our dynamic switching mechanism from UC
to LC, which gives the CUs more opportunities to access UCs. But, after a certain range
(approximately 40) of CUs, the saturation throughput becomes almost stable. This happens
because, the CUs can only operate over limited number of UCs. Therefore, as the CUs
increase, all the UCs becomes occupied and additional arrivals are denied afterwards. We
can also observe that the analytical the simulated results are identical.
The number of CUs also has an impact on the blocking rate of SUs and CUs. In Fig. 7b,
we can observe that, the blocking rate increases almost exponentially with the increase of the
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(a)

(c)

(b)

(d)

Fig. 7 Impacts of number of classical users on protocol performance. a Saturation throughput of SUs and
CUs, b blocking rate of SUs and CUs, c usage of LCs, d protocol operation overhead

number of CUs. This happens because, with the increase of CUs, almost all the UCs become
occupied by the CUs and thus the blocking rate increases. We can see that, the analytical and
simulation results are almost same for our proposed PCR-MAC.
Although the number of CUs has much impact on the saturation throughput and blocking
rate, it has almost no impact on the LCs’ utilization, as shown in Fig. 7c. This happens
because, the CUs can only occupy the UCs and they cannot access any LCs. Thus, their
presence or absence merely affects the LCs’ utilization.
The number of CUs also has impact on the protocol operation overhead. In Fig. 7d, we
can observe that, the protocol operation overhead increases with the increment of CUs, as the
UCs start to become more congested and thus the throughput decreases. When the CUs are
further increased, almost all the UCs become occupied by them and the protocol operation
overhead becomes stable, as the further increment of CUs does not have any impact. We can
also observe that, the proposed PCR-MAC performs better than SWITCH and OSA since if
offers better packet delivery in cost of little control byte overheads.
6.3.3 Impact of PUs
In Fig. 8a, we can visualize the relationship between saturation throughput and the number
of PUs. We observe that, the throughput decreases sharply with the increased number of
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(a)

(c)

(b)

(d)

Fig. 8 Impacts of number of primary users on protocol performance. a Saturation throughput of SUs, b
blocking rate of SUs, c usage of LCs, d protocol operation overhead

PUs (up to approximately 30) because of the increasing number of SU preemptions. We can
also observe that, the throughput enters into a stable state when the number of PUs becomes
around 30, at which all the LCs become occupied by PUs and thus any further increase
in the number of PUs does not have any impact on the saturation throughput. We can also
see that, the proposed PCR-MAC performs better than OSA and SWITCH because of the
efficient usage of LCs. We can also observe the similar analytical and simulation results of
our proposed protocol.
Figure 8b shows that, the blocking rate increases gradually with the PUs, but when the
number of PUs reaches around 30, the blocking rate becomes almost stable, because all the
LCs become occupied by the PUs. Thus, the further increment of the PUs can not affect
the blocking rate. We see that the PCR-MAC produces less blocking rate than the other
two protocols. We can also observe that, the analytical and simulation experiments of the
proposed PCR-MAC produce almost the same results.
Figure 8c shows that, the usage of LCs by SUs decreases as the PUs increase because, the
LCs become occupied by the PUs and only a small amount of LCs remain unused. Thus, the
usage decreases exponentially.
As the number of PUs increases, the LCs become occupied by them and the number of SU
preemptions are increased. Thus, the throughput decreases and the amount of control bytes
exchanged increases, which causes the protocol operation overhead to increase with the PUs.
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But when the number of PUs are almost 30, all the LCs become occupied by the PUs, thus
the further increment of PUs does not have any impact on the protocol operation overhead.
So, it enters into a stable state as shown in Fig. 6d. We can also observe that, PCR-MAC
performs better than other studied protocols in terms of protocol operation overhead.

7 Conclusion
In this paper, we have developed a prioritized MAC protocol for CRAHNs that gives opportunistic licensed spectrum access to SUs and thus increases network throughput and decreases
blocking rates. Our proposed PCR-MAC offers an efficient way of performing the priority
calculation on the basis of historical usage behavior of different users in the channels. Prioritized channel selection mechanism of PCR-MAC allows the SUs to enjoy licensed channel for
longer period of time. Again, it offers a dynamic switching scheme between DC and BC for a
better utilization of the unused spectrum. An analytical model of the proposed PCR-MAC is
developed, which derives the performance measurement equations for the proposed scheme
using a continuous time Markov chain. We have been able to show that our proposed MAC
protocol works more efficiently than a number of state-of-the-art protocols in the literature
through extensive simulation study in NS-3.
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Appendix 1: Transition Probabilities
In this appendix, we derive the mathematical formulas for calculating the transition rates of
Sect. 5.
(i, j,k,l,m,n)

γ(i, j+1,k,l,m+1,n) = δ6 · λ2 ,
where,

δ6 =

1, if, (i + j + m) < c1 , (k + l + n) = c2
0, otherwise

(i, j,k,l,m,n)

γ(i, j+1,k,l,m,n+1) = δ7 · λ2 ,
where,

δ7 =

1, if, (i + j + m) < c1 , k + l + m < c2
0, otherwise

(i, j,k,l,m,n)

γ(i, j+1,k,l,m−1,n+1) = δ8 · λ2 + δ9 · λ2 ,
where,

δ8 =

1, if, (i + j + m) = c1 , (k + l + m + 1) = c2
0, otherwise

δ9 is same as δ8 .
(i, j,k,l,m,n)

γ(i, j+1,k,l,m−1,n+2) = δ10 · λ2 ,
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where,

δ10 =

1, if, (i + j + m) = c1 , (k + l + n) < c2
0, otherwise

(i, j,k,l,m,n)

γ(i, j,k+1,l,m,n) = δ11 · λ2 ,
where,

δ11 =

1, if, (i + j) = c1 , (k + l + m) < c2
0, otherwise

(i, j,k,l,m,n)

γ(i, j,k+1,l,m,n−1) = δ12 · λ2 ,
where,


1, if, (i + j) = c1 , (k + l + n) = c2
0, otherwise
c2 − k − l − n
n
=
· λ3 +
· λ3 · δ13 ,
c2 − k − l
c2 − k − l

δ12 =
(i, j,k,l,m,n)

γ(i, j,k,l+1,m,n)
where,



1, if, (k + l + n) < c2
0, otherwise
n
=
· δ14 · λ3 ,
c2 − k − l

δ13 =
(i, j,k,l,m,n)

γ(i, j,k,l+1,m,n−1)
where,


1, if,(i + j + m) = c1 , (k + l + n) = c2
0, otherwise
n
=
· δ15 · λ3 ,
c2 − k − l

δ14 =
(i, j,k,l,m,n)

γ(i, j,k,l+1,m+1,n−1)
where,


δ15 =

1, if, (i + j + m) < c1 , (k + l + n) = c2
0, otherwise

(i, j,k,l,m,n)

γ(i, j+1,k−1,l,m,n+1) = δ16 · λ4 ,
where,

δ16 =
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(i, j,k,l,m,n)

γ(i−1, j,k,l,m,n) = i · μ1 ,
j − (m + n)
· μ2 ,
j
m
= j · · μ2
j
n
= j · · μ2 ,
j

(i, j,k,l,m,n)

γ(i, j−1,k,l,m,n) = j ·
(i, j,k,l,m,n)

γ(i, j−1,k,l,m−1,n)
(i, j,k,l,m,n)

γ(i, j−1,k,l,m,n−1)
(i, j,k,l,m,n)

γ(i, j,k−1,l,m,n) = k · μ2 ,
(i, j,k,l,m,n)

γ(i, j,k,l−1,m,n) = l · μ3 ,
(i+1, j,k,l,m,n)

= (i + 1) · μ1 ,

(i, j+1,k,l,m,n)

= ( j + 1) ·

γ(i, j,k,l,m,n)

( j + 1) − (m + n)
· μ2 ,
j +1
m+1
· μ2 .
= ( j + 1) ·
j +1
n+1
= ( j + 1) ·
μ2 ,
j +1

γ(i, j,k,l,m,n)

(i, j+1,k,l,m+1,n)

γ(i, j,k,l,m,n)

(i, j+1,k,l,m,n+1)

γ(i, j,k,l,m,n)

γ(i, j,k,l,m,n)

(i, j,k+1,l,m,n)

= (k + 1) · μ2 ,

(i, j,k,l+1,m,n)
γ(i, j,k,l,m,n)
(i, j,k,l+1,m,n)
γ(i, j,k,l,m,n)

= (k + 1) · μ2 ,
= (l + 1) · μ3 ,

(i−1, j,k,l,m,n)

c1 − (i − 1) − j − m
m
· λ1 +
· λ1 · δ17 ,
c1 − (i − 1)
c1 − (i − 1)

=

γ(i, j,k,l,m,n)
where,


δ17 =
(i, j−1,k,l,m,n)

γ(i, j,k,l,m,n)

= λ2 · δ18 ,

where,


δ18 =
(i, j−1,k,l,m−1,n)

γ(i, j,k,l,m,n)
where,


(i, j−1,k,l,m,n−1)

1, if, i + ( j − 1) + (m − 1) + 2 ≤ c1 , (k + l + n) = c2
0, otherwise

= λ2 · δ20 ,

where,


δ20 =
(i, j,k−1,l,m,n)

γ(i, j,k,l,m,n)

1, if, (k + l + n) = c2 , i + ( j − 1) + m + 1 = c1
0, otherwise

= λ2 · δ19 ,

δ19 =
γ(i, j,k,l,m,n)

1, if, (k + l + n) = c2 , (i − 1) + j + m < c1
0, otherwise

1, if, i + ( j − 1) + m < c1 , k + l + (n − 1) < c2
0, otherwise

= λ2 · δ21 ,

123

Author's personal copy
2404

R. Hossain et al.

where,



1, if, i + j = c1 , (k − 1) + l + n < c2
0, otherwise
c2 − k − (l − 1) − n
· λ3 .
=
c2 − k − (l − 1)
m
m+1
j
· λ1 · δ22 +
·
· λ1 ,
=
c1 − (i − 1)
c1 − (i − 1) m + n

δ21 =
(i, j,k,l−1,m,n)

γ(i, j,k,l,m,n)

(i−1, j,k,l,m+1,n)

γ(i, j,k,l,m,n)
where,



1, if, (i − 1) + j + m = c1 , k + l + n = c2
0, otherwise
m+1
=
· λ1 · δ23 ,
c1 − (i − 1)

δ22 =
(i−1, j,k,l,m+1,n−1)

γ(i, j,k,l,m,n)
where,



1, if, k + l + (n − 1) < c2
0, otherwise
j +1
( j + 1) − (m + n)
=
·
· λ1 ,
c1 − (i − 1)
(m + n)
m+1
j +1
·
· λ1
=
C1 − (i − 1) m + (n + 1)

δ23 =
(i−1, j+1,k,l,m,n)

γ(i, j,k,l,m,n)

(i−1, j+1,k−1,l,m,n+1)

γ(i, j,k,l,m,n)

(i, j−1,k,l,m+1,n−1)

γ(i, j,k,l,m,n)
where,


δ24 =

= λ2 · δ24 + λ2 · δ25 ,

1, if, i + ( j − 1) + (m + 1) = c1 , k + l + (n − 1) + 1 = c2
0, otherwise

δ25 is same as δ24 .
(i, j−1,k,l,m+1,n−2)

γ(i, j,k,l,m,n)
where,


δ26 =

(i, j−1,k+1,l,m,n−1)

γ(i, j,k,l,m,n)


δ27 =
(i, j−1,k,l,m+1,n)

1, if, i + ( j − 1) + (m + 1) = c1 , k + l + (n − 2) < c2
0, otherwise

= δ27 · λ4 ,

where,

γ(i, j,k,l,m,n)

1, if, i + ( j − 1) + m < c1 , (k + 1) + l + (n − 1) < c2
0, otherwise

= δ28 · λ2 ,

where,



1, if, i + ( j − 1) + (m + 1) = c1 , k + l + n = c2
0, otherwise
n+1
=
· δ29 · λ3 ,
c2 − k − (l − 1)

δ28 =
(i, j,k,l−1,m,n+1)

γ(i, j,k,l,m,n)
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where,


1, if, i + j + m = c1 , k + (l − 1) + (m + 1) = c2
0, otherwise
n+1
=
· δ30 · λ3 ,
c2 − k − (l − 1)

δ29 =
(i, j,k,l−1,m−1,n+1)

γ(i, j,k,l,m,n)
where,


δ30 =

1, if, k + (l − 1) + (n + 1) = c2 , i + j + (m − 1) < c1
0, otherwise

Appendix 2: Balance Equation
In this appendix the equations needed for calculating the balance equation is given.
(i+1, j,k,l,m,n)

Bi, j,k,l,m,n = γ(i, j,k,l,m,n)

P(i + 1, j, k, l, m)

(i, j+1,k,l,m,n)
+ γ(i, j,k,l,m,n) P(i,

(i, j+1,k,l,m+1,n)

j + 1, k, l, m, n) + γ(i, j,k,l,m,n)
(i, j+1,k,l,m,n+1)

P(i, j + 1, k, l, m + 1, n) + γ(i, j,k,l,m,n)
(i, j,k+1,l,m,n)

+ γ(i, j,k,l,m,n)

P(i, j + 1, k, l, m, n + 1)

P(i, j, k + 1, l, m, n)

(i, j,k,l+1,m,n)
+ γ(i, j,k,l,m,n) P(i, j, k, l + 1, m, n)
(i−1, j,k,l,m,n)
(i, j−11,k,l,m,n)
+ γ(i, j,k,l,m,n) P(i −1, j, k, l, m, n)+γ(i, j,k,l,m,n) P(i, j −1, k, l, m, n)
(i, j−1,k,l,m−1,n)
+ γ(i, j,k,l,m,n)
P(i, j − 1, k, l, m − 1, n)
(i, j−1,k,l,m,n−1)
(i, j,k−1,l,m,n)
+ γ(i, j,k,l,m,n)
P(i, j − 1, k, l, m, n − 1) + γ(i, j,k,l,m,n)
(i, j,k,l−1,m,n)
P(i, j, k − 1, l, m, n) + γ(i, j,k,l,m,n) P(i, j, k, l − 1, m, n)
(i−1, j,k,l,m+1,n)
P(i − 1, j, k, l, m + 1, n) +
+ γ(i, j,k,l,m,n)
(i−1, j,k,l,m+1,n−1)
P(i − 1, j, k, l, m + 1, n − 1)
γ(i, j,k,l,m,n)
(i−1, j+1,k,l,m,n)
+ γ(i, j,k,l,m,n)
P(i − 1, j + 1, k, l, m, n) +
(i−1, j+1,k−1,l,m,n+1)
γ(i, j,k,l,m,n)
P(i − 1, j + 1, k − 1, l, m, n + 1)
(i, j−1,k,l,m+1,n−1)
+ γ(i, j,k,l,m,n)
P(i, j − 1, k, l, m + 1, n − 1)
(i, j−1,k,l,m+1,n−2)
+ γ(i, j,k,l,m,n)
P(i, j − 1, k, l, m + 1, n − 2)
(i, j−1,k+1,1,m,n−1)
+ γ(i, j,k,l,m,n)
P(i, j − 1, k + 1, l, m, n − 1)
(i, j−1,k,l,m+1,n)
P(i, j − 1, k, l, m + 1, n)
+ γ(i, j,k,l,m,n)
(i, j,k,l−1,m,n+1)
+ γ(i, j,k,l,m,n)
P(i, j, k, l − 1, m, n + 1)
(i, j,k,l−1,m−1,n+1)
+ γ(i, j,k,l,m,n)
P(i, j, k, l − 1, m − 1, n + 1)
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(i, j,k,l,m,n)

(i, j,k,l,m,n)

Ai, j,k,l,m,n = γ(i+1, j,k,l,m,n) + γ(i+1, j,k,l,m−1,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i+1, j,k,l,m−1,n+1) + γ(i+1, j−1,k,l,m,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i+1, j−1,k+1,l,m,n−1) + γ(i, j+1,k,l,m,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j+1,k,l,m−1,n) + γ(i, j+1,k,l,m+1,n)
+γ(i, j+1,k,l,m,n+1) + γ(i, j+1,k,l,m−1,n+1)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j+1,k,l,m−1,n+2) + γ(i, j,k+1,l,m,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j,k+1,l,m,n−1) + γ(i, j,k,l+1,m,n)
+γ(i, j,k,l+1,m,n−1) + γ(i, j,k,l+1,m+1,n−1)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j+1,k−1,l,m,n+1) + γ(i−1, j,k,l,m,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j−1,k,l,m,n) + γ(i, j−1,k,l,m−1,n)
(i, j,k,l,m,n)

(i, j,k,l,m,n)

+γ(i, j−1,k,l,m,n−1) + γ(i, j,k−1,l,m,n)
(i, j,k,l,m,n)

+γ(i, j,k,l−1,m,n)
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